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There are positive constants
and , and a nonnegative quadratic form on each hypersurface of constant ,
T  , such that, i f and is a solution of the
wave equation, , then
T  T 
There are positive constants , 0, and , and
there is a nonnegative quadratic form on each hypersurface of constant , ,
such that, i f and is a solution of thewave equation,
, then there are the following decay estimates :
Decay in stationary regions: :
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Near decay: :
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Far decay: with and :


0
2 j j 

In particular, for :
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Decay near spatial innity: with :
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I f is a vector eld, is a function, and if X is the associated
momentum relative to the Lagrangian and weight
then the divergence of the corresponding momentum is
X
I f is a solution of  , then the last term in this formula
vanishes.
Similarly, i f and are symmetric collections of double indexed vectors and
scalars respectively and is a solution of  , then
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There is a constant,
, such that and all , i f is suciently smooth
that the quantity on the right is bounded, then
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I f is suciently smooth that the integral on the right is bounded.
Proof.
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We also introduce the homogeneous norms, generated from the previous norm by
taking ,
There is a positive constant such that, for
positive values of the parameter , if and if smooth, then
Thus, is equal to the norm plus divergence terms.
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There is a positive such that for and any smooth function
, is timelike and
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Furthermore, if is a solution of the wave equation  , then
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I f is a solution of the wave equation  ,
d
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where the norms on the right are dened in subsection 2.3.
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The Morawetz vector elds and scalar functions are dened to be
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For simplicity, we introduce the fol lowing notation for the pair consisting of the
previous vector eld and function,
A
I f is a solution to the wave equation  , then the divergence
of the momentum associated with these quantities is given by
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I f is a solution to the wave equation  , then
I
where , , and are dened in lemma 3.4 and
I
We will refer to I as the rst boundary term.
Proof.

Given a positive value for the parameter 2
t
, we use the fol lowing
weights to dene the Morawetz vector eld,
2
t
A simpler version of this argument can be run taking and
. These weights are chosen so that the coecient of in 0 and of
in 00 vanish respectively. Eliminating the term in 0 is a natural rst step,
since, in essence, this is what has been done in all previous vector-eld arguments
in the Schwarzschild spacetime. Eliminating the term in 00 is also natural,
since this leaves only and terms, which have a natural ellipticity. Taking
these choices gives a collection of vector elds for which the divergence is positive.
However, these simpler choices generate a divergence which fails to dominate third
derivatives which involve two derivatives, and they generate an energy which is not
dominated by the energy. We have further introduced the weights to obtain
better control over the derivatives and to \ temper" the vector elds, so that
the associated energy can be controlled by the energies associated with .
There are positive constants , 2
t
, and such that if and
2
t
2
t
and is a solution to the wave equation  then
I I I
@2t @
2
t
0 0
2
t
2
t
2
2
t
2
where
0 
@2t
  
2
t

2
t

2
t

and where the I I satisfy
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The angular components of I I are smooth.
Here and through out he rest of the paper, we say that a vector eld
has smooth angular components if, for xed and , the contraction of the vector
eld with any smooth -form on the sphere produces a smooth function. Because
of the coordinate singularity in the coordinates, this does not assert that the
and components of the vector eld are smooth. The angular divergence of a
smooth function has smooth angular components. In the applications of this lemma,
it wil l always be the case that the regions of integration have boundary which are
level sets of or , so that the boundary integral of I I does not contr ibute to he
boundary integral.
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I f is suciently smooth, sat-
ises  , and has initial data which decays suciently rapidly at innity,
then
T 
I T 
I I T  T 
! +
! 1
Here, by \ suciently rapidly" , we mean that the energy is convergent. In par-
ticular, ! 1 , ! 1 , ! 1 , and the same estimates
hold for and .
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smooth function on which is bounded on ,
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There are positive constants , , , and such that, for al l
and all smooth solving the wave equation  , the estimate
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holds, where 6h is identically one, except in an open neighbourhood of width
about the values of for which there are orbiting geodesics. In this neighbourhood,
we take 6h to be indentically zero.
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There are positive constants , 2
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, , and such that for all
and all smooth solving the wave equation  , the estimate
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holds, where 6h is identical ly one, except in an open neighbourhood of with
about the values of for which there are orbiting geodesics.
Proof.
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There are positive constants and such that if and
is a solution to the wave equation  , then for all :
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The wave equation  is equivalent to

where

Here, it is understood that is the operator dened in .
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There are positive constant and
, such that, i f , and if and are future-directed, non-spacelike vectors
(with respect to and ), then
In particular,
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and , such that, i f , and if , then
(Global identity)
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(Local estimate) Given and   such that  
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If is a solution to the wave equation  ,
then the right-hand side of is greater than
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We dene the higher-order angular Morawetz densities to
6h
(Recall was dened to be the set of rotations about the coordinate axes
in section 2.4.)
We dene
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There is a positive constant , such that if , then is timelike
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, and if is smooth, then :
(estimate on the energy)
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The contribution to the energy from K is small in the sense that
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I f is a solution to the wave equation and
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Let LC be a smooth, even function which is identical ly
for , identically for , which is weakly decreasing for ,
= = <
= < = <
and which is weakly increasing for . I f L C is written without an argument,
i t understood to mean
LC LC

The stronger, light-cone localised Morawetz vector eld (with strength ) is dened
to be
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